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Abstract. We extend short-time existence and stability of the Dirichlet en- 
ergy flow as proven in a previous paper by the authors to a broader class of 
energy functionals. Furthermore, we derive some monotonely decreasing quan- 
tities for the Dirichlet energy flow and investigate an equation of soliton type. 
In particular, we show that nearly parallel G2-structures satisfy this soliton 
equation and study their infinitesimal soliton deformations. 



1. Introduction 

In the quest for "special" metrics, variational principles play an important role. A 
prominent example is the total scalar curvature functional on the space of Rie- 
mannian metrics, whose critical points are Ricci-flat metrics. In this article we 
consider various functionals defined on 17^ (M), the space of positive Z-forms on a 
compact, seven dimensional spin manifold M. These forms are sections of the fibre 
bundle A\T*M -> M whose fibre is the open orbit GL(7)+/G2 of GL(7)+ acting on 
A 3 R 7 *. Furthermore, such a section fl induces a Riemannian metric gn on M. We 
also refer to Q as a G2-structure on M. The importance of this notion stems from 
the fact the only (irreducible) odd-dimensional instance of special holonomy comes 
from metrics of the form gn . A central problem is to find conditions which ensure 
the existence of a holonomy G2-metric provided necessary topological conditions 
are met. Such a theorem would yield an analogue of Yau's celebrated theorem [T§] 
which asserts the existence of a metric with holonomy SU(m) on a Kahler manifold 
M 2m whose first Chern class vanishes. 

The quantity we seek to extremalise is the intrinsic torsion of a positive 3-form Q, 
which can be thought of as an endomorphism of TM (cf. Section [5] for a definition). 
To see what this means concretely we recall that by a result of Fernandez and 
Gray [5] , f2 is torsion-free, i.e. its intrinsic torsion vanishes, if and only if dQ = 
and SiiQ = (here, Sq denotes the codifferential induced by gn). This, in turn, is 
equivalent for the holonomy of gsi to be contained in G2. In [TB] we show that the 
critical points of the Dirichlet energy functional 

V : Q 3 + (M) -> K, n J / (\dn\l + \8 n fl\ 2 n )vol Q 
* Jm 

(with voIq = £1 A *fjfi/7) are precisely the torsion-free forms. Since these are 
absolute minimisers of T>, it is natural to consider the negative gradient flow 

(DF) ^ Q t = -gradC^t) =: Q{Q t ) 

for t € [0, T), subject to some initial condition fio £ f2^_(M). Here, — grad denotes 
the negative L 2 -gradient determined by DqT>(CI) = —{Q(Q,),(1)q = — J M Q(Cl) A 
-katt for all (l £ il 3 (M). The principal results of [IS] are these: 

Theorem 1.1. (Short-time existence) The Dirichlet energy flow df flt = Q(^t) 
has a unique short-time solution for any initial condition Qq € C$_(M). 
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In particular, for any initial condition there exists a unique solution to (|DF[) on a 
maximal time interval [0,T max ) where T max G (0, oo]. 

Theorem 1.2. (Stability) Let ft G fij^M) be torsion-free. Then for any initial 
condition sufficiently close to in the C°° -topology the Dirichlet energy flow exists 
for all times and converges modulo diffeomorphisms to a torsion-free G2-structure. 

In this article we analyse the flow (|DF[) further. Firstly, we derive various mono- 
tonely decreasing quantities. In particular, we show that the W 1,2 -Sobolev norm 
is bounded by a monotonely decreasing bound Ct- Moreover, J^Ct = if 

and only if Q t is torsion-free. The proof involves the functional 

c(n) = J [ \v n n\ 2 n voi n , 

where V° is the Levi-Civita connection induced by gn- Its critical points are 
again the torsion-free positive forms, and the associated negative gradient flow has 
properties very similar to (|DF[) . In fact, both D and C are special instances of a 
whole family of energy functionals. To discuss these in general, we first recall that 
any G Q^_(M) induces a G2-decomposition of p- forms A p = ffi^A^ into irreducible 
modules, where q is the rank of the module. The corresponding module of sections 
will be denoted by fi p (M) (this is analogous to the decomposition into (p, q)-forms 
over an almost-complex manifold). For example, 

(1) A 2 = A 2 . © A 2 4 and A 3 = A? © A? © A 3 7 . 

Of course, Af is spanned by the invariant form Q. Furthermore, A 1 is irreducible. 
Since the induced Hodge-star operator *n is a G2-equivariant isomorphism A p — > 
, we immediately get the decomposition of A p for p = 4, 5 and 6. In particular, 
we can decompose dQ and d *q Q into irreducible components. Using various G2- 
equivariant isomorphisms we can write 

(2) dfl = t *n + 3ti A Q, + *nr 3 
and 

(3) d *n n = 4n a * Q n + r 2 An 

(see e.g. Proposition 1 in [5]) for uniquely determined torsion forms tq G Qi(M), 
ri € Sl 7 (M), T2 G J7 2 4 (M) and T3 G £l\ 7 {M). These forms depend on f2 and can 
be thought of as maps from Q±(M) to ft?. The Tfc(fi) vanish identically for all k 
if and only if 51 is closed and coclosed, that is, if f2 is torsion-free. Note in passing 
that it is not obvious that T\ appears twice in both dfl and d*n cf. @]. Here, 
this will be a consequence of a Bianchi-type identity for f2, see the remark after 
Lemma [5731 We now define the energy functionals 

3 

i=0 

with 

Vi(Q) := \ [ \n\ 2 n vol n . 

and v = (i/q, v\, z^, ^3) G K 4 - If f G 1R+, that is, all entries in 1/ are positive, we can 
prove Theorem 11.11 and Theorem 11.21 for the generalised Dirichlet energy flow 

(DF„) 4fit = Qv(^), 

see Theorem 12.91 and Theorem 12.101 The flow (|DF|) is just the special case for 
v = (7, 84, 1, 1). However, we shall write T> and Q for T> y and Q v in this case to be 
consistent with [18] . 
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To obtain concrete solutions to dDF^I ) , we consider the equation 

for some real constant /xo and vector field Xq (with Cx the Lie derivative along 
Xq). In analogy with Ricci-flow we call this the T> u -soliton equation. A P-soliton, 
where T> is the original Dirichlet energy functional, will be simply called a G2- 
soliton. For a 2?„-soliton flo as initial condition, the solution to ( |DF^[ ) has the 
form n t = /i(t)flo with fj,(t) \ as t /* T maxi and so becomes singular. As in 
the Ricci-flow case, one expects G2-solitons to play a major role in the study of 
finite time singularities. We first show that any G2-soliton is necessarily of the 
form Q(fi) = fxil. This is precisely the condition to be a critical point for T> 
subject to the constraint that the total volume f M voln equals 1. Furthermore, 
any such G2-soliton is either steady, i.e. /io = 0, in which case the flow is constant 
and thus exists trivially for all times, or shrinking, i.e. fiQ < 0. In this case the 
flow collapses in finite time. Our main result is that nearly parallel G2-structures 
(i.e. G2-structures for which all torsion forms but tq vanish) are G2-solitons in the 
sense above (cf. Theorem 14. ip . For example, the 7-sphere with the round metric 
is nearly parallel. In general, nearly parallel G2-structures induce Einstein metrics 
with positive Einstein constant. However, we do not know whether a soliton is 
necessarily of this type. Finally, we investigate the premoduli space of G2-soliton 
deformations at a nearly parallel G2-structure. As in the Einstein case we can prove 
that the premoduli space is a real-analytic subset of some finite dimensional real 
analytic submanifold (cf. Theorem 15. 7|) . Any infinitesimal Einstein deformation of 
a nearly parallel G2-structure gives an infinitesimal soliton deformation, but again 
we do not know whether the converse holds. 

Conventions, (i) In this paper we shall only encounter irreducible G2-representation 
spaces of dimension equal or less than 27. In this range, an irreducible G2- 
representation is uniquely determined by its dimension q. For instance, the space of 
symmetric 2-tensors Q 2 R 7 * can be decomposed into the line spanned by the iden- 
tity and the 27-dimensional irreducible space of tracefree 2-tensors OqR 7 *, which 
is thus isomorphic to Aj^R 7 * . Consequently, the module of endomorphisms can be 
decomposed into 

(4) R 7 * ® R 7 * = 2 R 7 * © A 2 R 7 * = A 3 © A 3 7 © Ay © A 2 4 . 

We denote projection onto irreducible components by [-] q . For example, a 3-form 
Cl G £1 3 (M) can be decomposed into Cl = [fl]i © [CI]y © [^27 and an endomorphism 

A into [A]i ®[A] 7 ® [A] u © [A} 2 7- 

(ii) If F : f2^(M) — s- E is a smooth map between Frechet spaces we often write Fq 
for DqF((1), the linearisation of F at fi evaluated in Ct 6 3 (M). For example, for 
the map 6 : n 3 + (M) ->■ ft 4 (M) which sends n to 9(0) = we get 

(5) en=*njjfi(fi) 
with 

pn(n) = ^[n]i + [n] 7 -[n] ar . 

Another example is Q : J7^_(M) — > i7 3 (M), the negative gradient of T>, given by 

(6) Q(O) = -dndil - pn(d5nty - gn(V^Q), 
where qn is determined by the identities 

(7) (0,q o (V°0))o = -((*ndSl,*ndfL)n + (-k Q d* Q n,*Qd*n n) n ) 
to hold for all ii £ n 3 (M). 
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2. The Dirichlet energy and the Hitchin functional 

2.1. The torsion forms of a positive 3-form. Recall that V n f2 is a section of 
A 1 © Ay and hence may be written as V°S! = T(f2) for a uniquely determined tensor 
field T e r(A x ©A 2 ), the intrinsic torsion of the G2-structure (cf. for example [5]). 
Here the A 2 - factor of T acts, seen as an element in A 2 = so (7), the Lie algebra of 
SO (7), equivariantly in the standard way on Q and gives an element in A 7 . The 
module A 7 ©A 7 decomposes as A° © A 7 © A 2 4 © A 27 into G2-irreducible ones. Hence 

V°0 = & + £ 7 + £i4 + 

where £j denotes the projection of £ := V n Q onto the corresponding irreducible 
summand. The are thus the irreducible components of the intrinsic torsion T 
under the embedding T i-> T(fi). 

Proposition 2.1. Lei f2 £ fij_(M) 6e a positive 3-form. Then the following holds: 

(i) One has 

\dn\l = 7r 2 +36|n|f i + |r 3 | 2 

and 

|fc«| 2 2 = 48|r 1 | 2 +|r 2 | 2 . 

In particular, 

(8) l^l 2 + |* n nft = 7r 2 + 84|n| 2 + |r 2 | 2 + |r 3 | 2 . 

(ii) One has 

(9) |V n fi|£ = Jr 2 +24|r 1 | 2 + 2|r 2 | 2 2 + 2|r 3 |^. 
Proof, (i) Clearly 

|d0| 2 =T 2 |* n Q| 2 +9|nAn|^ + |73,|^ 

which using |*nfi|n = l^ln = 7 an d |ti A Q.\q = 4|n|n (cf. for instance equation 
(15) in [TS]) yields the first equation. Similarly, 

\S n n\l = \d* n Cl\ 2 n = 16|n A * n f2| 2 + |r 2 A tt| 2 

as |n A *n^\n = 3|nln ( c f- equation (15) in [13]) and |r 2 A fi^ = \t 2 \q, for 
A 2 4 = {a £ A 2 | a A = - *q a}. 

(ii) Let £ : A 1 © A fc — > A fc+1 and t : A 1 © A fe — > A fc_1 denote exterior resp. interior 
multiplication. Then dfl = e(£) and = — Since e and i are GL-equivariant, 
one has more precisely 

rfr! = e(6)+e(6)+£(67) 

and 

We need to calculate the length distortion of the maps £ and t on the irreducible 
summands. We claim that 

|e(£i)ln = 4|£iln, = f|&£, k(6 7 )lE = 5l67|E 

and 

k(&)ln = 2|£ 7 |L k(ex4)|^ = 

To establish these we consider the map / : A 1 © A 1 — > A 1 © A 7 which to u © «; 
assigns v®(w\-*nQ). The module of symmetric endomorphisms Q 2 which is spanned 
by v © if + w © v can be decomposed into the tracefree endomorphisms Q 2 , and 
multiples of the identity. A (GL(7)-)equivariant projection tto : Q 2 — > Qq is given 
by 7r (a) = a — Tr(a)Id/7. We want to compute |e(/(7r (a)))| 2 and |/(7To(a))| 2 for 
a G 2 . It suffices to do this for elements of the form a © ej + ej © for some 



ENERGY FUNCTIONALS AND SOLITON EQUATIONS FOR G 2 -FORMS 



orthonormal basis e\, . . . , ej of A . Furthermore, since G2 acts transitively on pairs 
of orthonormal vectors, we need to consider the element e\ <8)e 2 + e 2 <8)ei only, which 
is already in Qq. Thus 

|/(ei ® e 2 + e 2 ® ei)| 2 = |ei ® (e 2 L* n fi) + e 2 ® (en_*Qft)| 2 = 8 

while 

|e(/(ei ® e 2 + e 2 <g> ei))| 2 = |ei A (e 2 i_* n f2) + e 2 A (en_*n^)| 2 = 4, 

whence the distortion factor 1/2 as claimed above. In the same vein, consider the 
projection 7r 2 4 : A 2 —5- A 2 4 given by 7r 2 4 (o;) = (2a - *n(a A 0))/3. Then 

|/(ei ® e 2 - e 2 ® ei)| 2 = |ei ® (e 2 L* n fi) -e 2 ® (en_*Qft)| 2 = 8 

and 

|t(/(ei <g> e 2 - e 2 ® ei))| 2 = |ei L (e 2 L*fif2) - e 2L (eiL*f^)| 2 = 4 , 
giving again the distortion factor 1/2. Either by proceeding as before or by using 
the transitivity of G 2 on the sphere of its vector representation we deduce the 
remaining coefficients. Therefore 

and 

\5nSl\l=2\t 7 \l+ l -\U\lv 
Comparing this with the formulae and we get: 

|£i|q = ^t 2 , \^\l=24\ Tl \l , |Ci4|^2|r 2 | 2 , |67^ = 2|r 3 | 2 . 
Since clearly 

iv^i 2 , = ieii^ + i6i^ + ia4i 2 , + i6ri^ 

the result follows. □ 

Remark. The previous proposition provides an alternative proof of the result of 
Fernandez and Gray mentioned in the introduction: For SI 6 fij_(M) one has 
V n f2 = if and only if dfl = SqQ = 0, since both equations are equivalent to 
To = Ti = t 2 = T3 = 0. By standard holonomy theory, V s1 £7 = is equivalent to 
having holonomy contained in G 2 . 

2.2. Monotone quantities. For any smooth family f2 t we can write 
d t Vt t = 3/tQt +*n t (a t A Sit) + 1ft 

for uniquely determined quantities / t g C°°(M), at S J7 1 (M) and 74 E fi 27 Q t (Af) 
depending smoothly on t. These are called the deformation forms of Sit. In partic- 
ular, the evolution of the associated volume form is given by 

d t voln t = 7f t voln t , 

see e.g. [5]. For a solution f2 t to (|DF[) we have 

3n t (Q(O t ),O t )=3/ t5 n t (O t ,n t ) = 21/ t 

and hence 

(10) d t voln t = \gn t (Q(Sl t ), Sl t ) voln t . 

Alternatively, use that the differential of the map (f> : A^_ — > A 7 sending £1 to i>o?n 
is given by 

(11) D U( /)(Q) = £fiA*nfi, 



(i 



HARTMUT WEISS AND FREDERIK WITT 



cf. |12| . The Hitchin functional is defined by 

H : fl 3 + (M) -> E, fi i-> / toIo, 

i.e. it associates with G fi5_(M) its total volume. We find that the value of the 
Hitchin functional is monotone and convex along a solution to the Dirichlet energy 
flow: 

Proposition 2.2. If (£lt)te[o,T) « s a solution to (|DF[) . then 

d d? 
-rMttt) < and -^(fit) > 

/or a/Z £ G [0, T). Further, j|| t _ t H(£lt) =0 if and only if Q( is torsion-free. 

Proof. Using equation (|10p we get 



M 



3 J 

Since V is positively homogeneous, i.e. P(AO) = A 5 / 3 2?(f2) for A > 0, one has 
= | D(O) by Euler's formula, cf. the proof of Corollary 4.3 in [TS]. Hence 

(12) jU(n t ) = -lT>(Sk) < o 

with equality if and only if Q t is torsion-free. Furthermore, 

^H(SU) = -lDa t V(Q(^t)) = 1110(0011^ 
which is always non-negative. □ 

Equation (fl"2"|) has the following noteworthy consequence for a long-time solution to 
the Dirichlet energy flow: Suppose that fit is a solution to (jDFp on [0, oo). Then, 
since T)(£l t ) is monotonely decreasing, the limit 

V x := lim V(n t ) > 

t— yoo 

exists. In fact, we have 

Corollary 2.3. If (f2t)te[o,oo) * s a solution to (|DF[) . f/ien 2?oo = 0. 

Proof. Assume to the contrary that > 0. Then X>(f2t) > 2?oo > for all 
t G [0, oo). Hence, by equation (JUJ), j- t Tl(Vl t ) < -§£>oo < for all t, and therefore 

w(n t ) < u(n ) - l^oot. 

In particular, H(Q t ) becomes negative in finite time. Contradiction! □ 

Remark. As an example communicated to us by Joel Fine shows, long-time exis- 
tence is not sufficient to imply convergence to a critical point, cf. [9]. It is obtained 
by restricting the Dirichlet energy functional T> to the space of SO(4)-invariant 
forms on R 4 x 5*0(3). Using Lemma I5TT1 the flow equations can be reduced to a sys- 
tem of nonlinear ODEs which can be explicitly solved and whose solutions project 
down to T 4 x SO (3). This is related to the failure of the Dirichlet energy functional 
to satisfy the Palais-Smale condition. If, however, lim^oo il t = G fi?_(M), say 
w.r.t. the C 1 -topology, then Corollary 12.31 suffices to conclude that Cloo is torsion- 
free. 
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As for the Dirichlet energy functional, we may set 

"Woo := lim H(Ch) > 

t— ^00 

for a solution f2 t to (|DF[) on [0, oo). Here two cases may occur: 

(1) Hoc > 

(2) Hoo = 

A prototypical example for the first case is a solution converging to a torsion-free 
G2-structure as t — > oo. Such solutions exist as a consequence of Theorem II .21 our 
stability result for the Dirichlet energy flow. A solution fitting into the second case 
is provided by Fine's example, cf. [5]. 

A further consequence of equation is that the value of the Hitchin functional 
decays at most linearly along a solution to the Dirichlet energy flow: 

Corollary 2.4. If (&t)te[o,T) * s a solution to (|DF[) . then 

7Z(fio) > TZ(fit) > «(fi ) - |2?(n )t 

/or aZZ i G [0, T). In particular, for all e > i/iere exists 8 > suc/i £/iai H(£l t ) > S 

9 wty 

5 X>(Q ) 



/or a// 1 G [0, t - e] with t = min{T, |^fS4}. 



Proof. Since the Dirichlet energy flow is the negative gradient flow of T>, one clearly 
has 

jV{n t ) < o 

for all t e [0,T), in particular X>(fi t ) < 2?(fio)- Hence by equation ([12)1 

and the claim follows by integration. □ 

Remark. If one knew exponential decay of X>(fit) for a solution to (|DF[) on [0, oo) 
beforehand, then "H(f2t) would be bounded from below: Assuming P(Ot) < Ce~ xt 
for constants C, A > and using equation (JT2J once again, one gets 

9 Jo 

= ^(fio)-^(l-e- At ) 

>«(no)-|§ 

for all t £ [0, oo). This would be particularly useful if one could choose C and A in 
such a way that 5 := H{tt ) - |y > 0. 

In [5] it is shown that the scalar curvature of the metric gn is given by 

s gn = Man + yr 2 + 30|rift - i|r 2 |2 - i|r 3 |^ 
(cf. (4.28) loc. cit.). Thus, by Stokes theorem the total scalar curvature 

5(0) := / s gn voln 

J M 

of gn is given by 

(13) S(n)= J^^ + 30\ri\l^\\T2\l-l\T 3 \l)voln. 
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On the other hand, by Proposition 12. 1[ we have 



m)= j M {^+^r 1 \l+ 1 -\r 2 \l+ l -\r a 



voIq 



I M 

Comparing coefficients immediately yields 

Lemma 2.5. Let Q £ Q,\(M) be a positive 3-form. Then \S(Q)\ < V(Q). 
Using the monotonicity of T> and Corollary |2.3l we obtain 

Corollary 2.6. The absolute value of the total scalar curvature 5(f2t) is bounded 
by a monotonely decreasing quantity along a solution (£lt)tE\0,T) t° (|DF[) . If fit "is 
defined on [0, oo), then lim^oo S(Qt) = 0. 

If we define 

C(fi) := \ [ \V n n\ 2 Q vol Q 
z Jm 

we get from equation Q and from equation (j9|) 

C(fi) = J (gr 2 + 12|n|g, + Hi + \r 3 \l) vol n 

= V(Q) + (-|r 2 - SOlnl 2 + \\r 2 \l + i|r 3 | 2 2 ) vol n 

= D(fi)-S(fi). 
Furthermore, we remark that 



2C(fi) + 7W(n) = ||fi||^ 



1,2 , 



whence 

< ||0||^, 2 < 42>(fi) + 7H(n) < 8||0||^, 2 . 
In particular, we find that along a solution to the Dirichlet energy flow: 
Proposition 2.7. Let (£lt)te[o,T) be a solution to (|DF[I . Then 

||Ot|| 2 1)2 < C t < C 

for the monotonely decreasing bound Ct '■= 4X>(Q t ) + TH{fl t ). Furthermore, one 
has -§i\ t _ t Ct = if and only if flt is torsion-free. 

Proof. The first assertion follows directly from the discussion above. Secondly, 
±C t = 4:f t V{n t ) + 7f t n(n t ) < with equality if and only if f t V(n t ) = and 
j^H{£l t ) = 0, whence the result by Proposition EH □ 

2.3. The generalised Dirichlet energy flow. The energy functionals T> and C 
considered above are special instances of the functional 

3 

V x := "Pi 



with 

Z>i(fi) := \ [ \n\ 2 n vol n . 

and v = {vq 1 vi 1 V2 1 v 3 ) £ M 4 . More specifically, one has 

V = 7V + 842?i + V 2 + Z>3 

and 

7 

C = -D + 24X>! + 2V 2 + 2D 3 . 

We call the functional T> v the generalised Dirichlet energy functional associated 
with the parameter v £ R 4 . The aim of this section is to further analyse this family 
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of functionals. In particular, we prove generalised versions of Theorem 11.11 and 
Theorem O for V u for veM.%. 

Set Qi(fl) := -gradX> i (f2), i = 0,1,2,3 and Q„(fi) := -gradX>„(n) for v G R 4 . 
The functional T> u shares the same basic properties with T>: It is Diff (Af)_|_-invariant 
and positively homogeneous, i.e. X>„(/xf2) = /x^Z?„(f2) for /i G R+. 

Next we consider the negative gradient flow of the generalised Dirichlet energy 
functional 

(DF„) ^- t n t = Q u (Q t ) 

for v G R 4 , subject to some initial condition £7q £ fi+(M). We call the flow equation 
dDF^I ) the generalised Dirichlet energy flow. 

For v G R+ the generalised Dirichlet energy flow behaves much like the ordinary 
Dirichlet energy flow. In this case Euler's formula implies as for Q (corresponding 
to V) that Q u {Vt) = holds if and only if il is torsion- free. As a first result we 
have: 

Lemma 2.8. The flow equation dDF^I ) is weakly parabolic for v G R> > *- e - 

-gn(a(D n Q„)(x,On,£l) >0 
for all x G M, £ G T*M and fi G A 3 T*M. 
Proof. According to Proposition 12.11 one has 

_ |2 irjni |2 _ i_ 



|[dfi]i|£ = 7r 2 , |[dft] 7 | 2 = 36|ri|^ \[dSi\ 27 \ 2 n = \r 3 \ 2 



and 

Therefore 



|[fefi] 7 | 2 =48|r 1 |2, |[<5 n fi]i4| 2 = 



and 



36.2? x (n) = i / |[dn]7^woJn, 

v 3 (n) = l f \[dn] 27 \ 2 n voi Q 

48-V 1 (Q,) = l [ \[5nO,] 7 \ 2 n vol Q , V 2 (Q) = I f |[fafi]i4lnfoZ n . 



Linearising as in [TB] we get 

7 36 
-<r(D n Q a )(a: 1 0" = Pn(f A [^PnO]i4), -<r(AiQ 3 )(x, 0^ = A 0] 27 - 
Now for fc = 1, 7, 27 we have for £ G T*M 

ga(^Ail] k ,n) = |[CAf2] fc | 2 2 >0 

and for fc = 14 

gn{pn(^A[^Ai4),tl) = \[ii.patlU\a > 0. 
Since -DqQ„ = Yli=o v iDnQi, the result follows. □ 
Breaking the diffeomorphism invariance one gets: 

Theorem 2.9. The generalised Dirichlet energy flow dt^lt = Qv{^t) has a unique 
short-time solution for v G R 4 and any initial condition f2g G f25_(M). 
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Proof. We employ DeTurck's trick as in Q2]. Given some background G2-structure 
fl G fij_(M) (e.g. the initial condition fio) we consider the vector field 

x(n) = -(s^nyn. 

For e(y) = min, = o, 1,2,3 we set A(f2) := Cx(Q)^ an d 

Q„(Q) := Q„(fi) + e(i/)A(fi). 

Then L> n Q„ = AiQu + e{v)D n K. For £ e r*M with |£| n = 1 we find that 

3 

i=0 

> -e(i/)sn(^(i5nQ)(a:,e)n,n) 

and hence 

> - e(u)g Q (a(D Q Q)(x, QSl, (I) - e(u)g n (a(D Q A)(x, t)Sl, ft) 
= - e(v)gn(a(DnQ)(x, (I) > s(p)\fl\l, 
where the last line follows from Lemma 5.7 in |18| . 

This shows that the flow equation dtfit = QviP't) is strongly parabolic. Standard 
methods, see for instance [T7], now yield a unique short-time solution fl t . A short- 
time solution fl t for the original flow equation dtflt = Qv(flt) is then obtained 
by integrating the time-dependent vector field X(fl t ) and pulling back fl t by the 
corresponding family of diffeomorphisms, cf. [T5| for details. 

The proof of uniqueness given in |18) for the Dirichlet energy flow applies without 
change to yield uniqueness of the solution fl t on short time intervals. □ 

Finally, as in |T5] we also get a stability result: 

Theorem 2.10. Let Cl G Qri(M) be torsion-free. Then for any initial condition 
sufficiently close to Cl in the C°° -topology the solution to flDF^D for v € exists 
for all times and converges modulo diffeomorphisms to a torsion-free G2~structure. 

Proof. Let Q e f2+ (M) be torsion-free, i.e. dft = Snft = 0. Then 

(D n Q )Q = -±8o[dti]i, (D n Qi)Cl = -^5 n [dtl} 7 

(D a Q 2 )(l = -pn(d[5 nPn fi\u), (D a Q 3 )(l = -<fo[dfi] 27 

and 

(D n A)(n) = -3d[<S n n] 7 . 
We set L„ := Dq_Q v and L := DqQ as in [TH]. Then we get 

L v = -vo-Snldfyi-vx—Snl^j-ViPnidlSnpn^ 



and hence 



{-L v fl, fi) L 2 > e(v)(-LQ, fi) L 2 VO e fl 3 (M) 



with e{y) = mirij = o,i,2,3 ^i/36 as above. In particular, L v is non-positive and the 
Garding inequality holds. The proof then proceeds along the same lines as the one 
given in [TB] for the Dirichlet energy flow. □ 
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3. G2-SOLITONS 

3.1. Symmetries. Recall that one has a natural Diff (M) + -action on f2j_(M) given 
by pullback and that T> is Diff (M) + -invariant, i.e. T>((p*Cl) = T>(ft) for all ip € 
Diff(M) + . This implies that 

(14) <p*Q(Sl) = Q(^*n). 

Further, any symmetry of the initial condition f2o is preserved by the Dirichlet 
energy flow: 

Lemma 3.1. Let (flf)t£[o,T) be a solution to (|DF[) with initial condition fig. If 
tp*£lo = &>o for some (p S Diff(M) +; then Lp*fl t = f2t for all t G [0,T). 

Proof. Using equation (|T4")) one gets that (<p*Qt)te[o,T) is a solution to (|DF[) with 
initial condition (p*flo- Since (p*Qo = £Iq, uniqueness of the Dirichlet energy flow 
implies that tp*n t = tl t for all t G [0, T). □ 

Secondly, one has a natural R + -action on f2^_(M) given by scaling with respect to 
which T> is positively homogeneous, i.e. 

(15) D(Afi) = \iv(Cl). 
for all A e R+. 

Lemma 3.2. One has Q(Xn) = X?Q(tt) for all X G R+. 
Proof. Using equation (|T5|) we calculate 

D xn V((l) = V(Xfl + til) 



dt 

, s d 
— 



t=o 

-i, 



v(n + tx~ L n) 



= AsA^A" 1 ^) = xiD n V(n). 



Hence 



D X nV(il) = Ai-DoD(fi) = A* / ^(gradX'(O), 0) woJ n 



and on the other hand 

D xn V(tl)= [ g XQ (gradV(Xfl), fl) vol xn = Xi [ g Q {gradV(Xty, fi) vol Q ■ 

JM JM 

Here we have used the fact that vol\^ = Xi voIq and g\n = X~ 2 gn on 3-forms. 
Comparing these two expressions we get the result. □ 

Remark. As a consequence of the preceding lemma, if tit is a solution to (|DF[) on 
[0,T) and A > 0, then the space-time rescaling fl* := Af2 A -2/3 t is again a solution 
to JDFJ, defined on [0, A 2 / 3 T). 

3.2. A Bianchi-type identity. For some fixed background G2-structure ft, con- 
sider the operator 

X* n : X(M) -> n 3 (M) , X h-> CxSl 
and its formal adjoint with respect to L 2 gn , namely 

An : fl 3 (M) -> X(M) , ft h-> -X n (0) - £7i_df2, 

where Xo(f2) = — (5nfli_f2. As usual we identify 1-forms and vector fields using g^. 
Recall that we have an L 2 -orthogonal decomposition 

(16) n 3 (M) =kcrA n ©imA^, 

where the second summand is tangent to the Diff (M) + -orbit through ft, see Propo- 
sition 5.6 and Lemma 7.3 in 1181. 
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Lemma 3.3. For all fi £ fi+(M) we have Xq(Q(Q)) = and Anfi = 0. 

Proof. The proof proceeds along the same lines as Kazdan's derivation of the usual 
Bianchi identity in (13] : If T : fi+(M) — > R is a Diff (M)+-invariant functional, 
then An(grad.F(fi)) = 0, since the level-set ,F _1 (.F(fi)) contains the Diff (M)+-orbit 
through fi. Now by definition, Q(fi) = — gradP(fi), which yields An(Q(fi)) = 0. 
Secondly, from equation it follows that 

gradft(fi) = |n 

which gives Asifi = 0. □ 

Remark. The equation Anfi = is equivalent to n = ti, where in the the definition 
of the torsion forms one has 

dtt = t -k ( i H + 3ti A + *^T3 

and 

d *n fi = 4fi A *nfi + r 2 A fi 

for fi a priori different from n. Indeed, A^fi = (<5nfi)i-fi — fiLiifi = is equivalent 
to 



(17) (M 7 ) L f2 = n L ([dn] 



7J 



Substituting [#nfi]7 = — 4*n ^i A*nfi and [cZQ] 7 = 3ti A fi we obtain that equation 
(jTTJ) is equivalent to 

(18) -4*n(nA*nn)Lfi = 3fii_(TiAfi). 

A routine calculation establishes for £ £ fi 1 (M) the identities fii_(£ A fi) = — 4£ 
and *n(£ A*nfi)i-fi = 3£. Hence the left-hand side of equation (|18p equals — 12fi, 
whereas the right-hand side equals — Y1t\. 

Corollary 3.4. If fi £ fl\(M) satisfies Q(fi) = / • fi for f £ C°°(M), then f is 
constant, i.e. Q(fi) = Afi for AsR. 

Proof. Applying An to the equation Q(fi) = f ■ fi yields the equation An(/fi) = 
using Lemma 13.31 On the other hand 

A Q (/0) = -<fo(/Q)i_Q - /fi L dfi 

= (dfi-Q - fs n nyn - /fi L dfi 
= (df^nyn - fx n n = (df^nyn, 

where we have again used Lemma |3~31 in the last line. Now since (£i_fi)i_fi = 3£ for 
all £ £ fi 1 (M) we conclude that df = 0, i.e. / is constant. □ 

Next we consider the operator Qn(fi) = Q(fi)+A Q (Afn(fi)), fi, fi £ fi^(M), defined 
in HH]. 

Corollary 3.5. //fie Q\(M) satisfies Q n (fi) = 0, then Q(fi) = 0, i.e. fi is 

torsion-free. 

Proof. Applying An to the equation 

(19) Q n (fi) - Q(fi) + A n (X Q (fi)) = 

yields the equation AnAf 2 (ATf 2 (fi)) = using Lemma [3.31 Hence A^AT^fi)) = 
and therefore Q(fi) = 0. □ 
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Remark. Note that if M has finite fundamental group or more generally satisfies 
H 1 (M,R) = {0}, then Qfi(fi) = also implies Xq(Q.) = 0. Indeed, since Q(fi) = 0, 
fl is torsion- free and £x s (fi)^ = 0. Hence, ga is Ricci-flat and Xq(£V) is Killing. 
But this implies that Xq(Q) is parallel and therefore its dual 1-form is harmonic. In 
general, a parallel Killing vector field has no zeros unless it is identically vanishing. 
Hence the dual of Xq(£1) is a closed, nowhere vanishing 1-form. By Tischler's 
theorem [IB], M must globally fibre over the circle. Note however that non-trivial 
parallel Killing vector fields can exist: If X is a Calabi-Yau threefold, then the 
product X x S 1 admits a natural torsion-free G2-structure for which the coordinate 
vector field dt on S 1 is a parallel Killing vector field. Conversely, by standard 
holonomy theory (cf. for instance [5]), a torsion- free G2-manifold (M, 0) with non- 
trivial parallel Killing vector field is reducible, that is locally of the form X x S 1 
for X a Calabi-Yau manifold. 

3.3. The soliton equation. 

Definition 3.6. A triple (n a ,X ,fi ) with O G fi^(M), X a E X(M) a vector 
field and /io G R, which satisfy the equation 

Q(fio) = ^o^o + £x fto 
is called a G2-soliton structure. A solution to (|DF[) of the form 

fit = (J,(t)tpin 

for some function fi(t) and a family of orientation-preserving diffeomorphisms <pt is 
called a G^-soliton solution. 

A particular case of a soliton structure is a G2-structure f^o satisfying the equation 
Q(Qq) = (io • flo f° r some constant (io G K. The ansatz 

= /i(t)n , Mo) = i 

yields using Lemma 13.21 

d t Vl t = fj,'(t)Q 
Q(fl t ) = (i(t)i 

and hence the ODE 

(20) //(*) = MoM*)* , Mo) = 1. 
The solution of (|2T))) is given by 

Mt) = (^t + i) i 

on some maximal time interval [0, T max ). As in the Ricci-flow case one has more 
generally: 

Lemma 3.7. Let (f2o, Xq,^) be a G2-soliton structure. Then 

(21) Q t := fx(t)if* t fl 

is a G2~soliton solution on [0,T max ) for fx(t) = {^r-t + 1)^ and ip t the flow of the 
time- dependent vector field /i(t)~5Xo- The associated metric flow is given by 

9t = V{~t)~ 3 90- 
Conversely, if fit = fJ,(t)(Pf Oo i s a G2~soliton solution on [0, T max ), then (Oo, Xq, /j,q) 
with Xq = Jj| t _ ¥>t o-nd /iq = A*(0) is a G2~soliton structure. 
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Proof. Differentiating equation (|2ip we get 

Q(n t ) = <p*n(t)->Q(n ) 

which yieids the ciaim upon substituting ([211)) . The evolution of the associated 
metric g t immediately follows from its scaling behaviour. □ 

Remark. By the preceding lemma, a G2-soliton structure and a G2-soliton solution 
are essentially the same thing. We will therefore simply refer to both the G2-soliton 
structure or the corresponding soliton solution as a G2~soliton. 

Definition 3.8. A G2-soliton (£7q, Xo, ho) is called expanding, if (j,q > 0; steady, if 
/io = 0; and shrinking, if fiQ < 0. It is called trivial if Q(Qq) = fio^o- 

Using this terminology we can state the following: 

Proposition 3.9. Let (Q,q, Xq, (j,q) be a Q2-soliton. Then the following holds: 

(i) Any G2~soliton (fio, Xq, /io) is trivial, i.e. already satisfies Q(Qq) = /io^o- 

(ii) One has no < 0, i.e. there are no expanding G2-solitons. 

(iii) If fl t denotes the corresponding soliton solution, then T max = oo in the steady 
case and T max = in the shrinking case. 

Proof. To prove the first assertion we apply Aq to the equation 

Q(fio) = A f 0^0 + £x ^0 = MO^O + Aq q -Xo. 

This gives, using Lemma 13.31 the equation Aq Aq Xq = 0, hence £x Qq = 0. 
Secondly, for /^o > we would have 

jV{n t ) = jV(n(t)n ) = ^on(t)v(n ) > o 

which is incompatible with the monotonicity of T>. The remaining statements follow 
from the behaviour of the solution of the ODE (|20[) . □ 

Remark. For a shrinking soliton one clearly has lim t _ > .T , max /•*(£) = and therefore 
\mxt^,T max H{&t) = um t->r mt>a , 2?(^t) = 0. This follows easily from the scaling 
behaviour of these functionals. 

3.4. A constrained variational principle. Next we ask for critical points of 
V under the constraint H(Q) = 1. Let Q 3 ^ 1 (M) be the submanifold of f2^(M) 
consisting of positive 3-forms of total volume 1. Its tangent space at f2 is ker D^Ti. 
Now by (JTTJ) , Tin = (Q,Q)/3 so that TqQ^^M) = Q ± , the 3-forms which are 
perpendicular to fl with respect to the natural L 2 -product. On the other hand, we 
need gradl? = — Q to be orthogonal to Thf2+ 1 (M), hence a constrained critical 
point f2 satisfies Q(fl) = for some constant /xo € K. In view of Proposition 13. 91 
we obtain an alternative characterisation of G2-solitons. 

Corollary 3.10. A positive 3-form £1 is a G2-soliton if and only if Q is a critical 
point ofD subject to% = l. 

Remark. The results of this section apply mutatis mutandis to the generalised 
Dirichlet energy functionals V v , v S Ri. More precisely, we say that (fio, Xq, /to) 
is a T> v -soliton if the equation Q v (£Lq) = /io^o + £-x Qo holds. Since T> v shares the 
same symmetries with V, we obtain the Bianchi identity Xq(Q v (Q,)) = 0. Hence 
we may deduce that any 2?„-soliton is trivial with /to < 0. The explicit solution to 
the soliton equation remains unchanged. 
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4. Examples 

4.1. Homogeneous spaces. Consider a compact homogeneous space M = G/H. 
Then G acts on M via diffeomorphisms coming from left translations. Let q = [)ffim 
be the decomposition at Lie algebra level from the inclusion H <—t G, where m is 
some complement invariant under the isotropy action of H (the adjoint action of 
G restricted to H). The space of G- invariant G2-forms is precisely the space of 
H- invariant G2-forms in A 3 m*. Since invariant critical points can be obtained by 
restricting the functional to invariant G2-forms, we are left with a finite-dimensional 
variational problem. We will illustrate this procedure for the Dirichlet energy func- 
tional V. 

The round sphere. We think of S 7 as the homogeneous space Spin(7)/G2- Then 
spin(7) = A 2 R 7 * = Q2 © rn by (JXJ) , where m is isomorphic to the 7-dimensional 
irreducible vector representation of G2. Hence A 3 m* = 1 © m © 0Qtn (also cf. 
our first convention at the end of Section [IJ is a decomposition into irreducible 
G2-modules, and we find a one-dimensional space of Spin(7)-invariant G2-forms 
spanned by Qq- I n f ac t, if we think of S 7 as the unit octonians with induced metric 
go (the round metric), then at p £ S 7 , Qo, p (u, v, w) = go, p (p, u ■ (y ■ w) — w ■ (v ■ u)) 
(here ~ and • denote conjugation and multiplication on O). Since Q(^o) must be 
also Spin(7)-invariant by Lemma HOI we deduce Q(fto) = cOo for some nonpositive 
constant c. Furthermore, H 3 (S 7 ;M) = so that fio cannot be torsionfree, whence 
O(fio) 7^0. 

The squashed sphere. Now consider S 7 as the homogeneous space G/H = Sp(2) x 
Sp(l)/Sp(l) x Sp(l) defined by the embedding 

M)eSp(i)xSp(i)^(( a Q l^b). 

The complex irreducible representations of Sp(l) = SU(2) are obtained from the 
symmetric powers a p = P C 2 of the standard vector representation on C 2 . En- 
dowed with some negative multiple of the Killing form G/H becomes a normal 
Riemannian homogeneous space (cf. Definition 7.86 in [2]) with orthogonal decom- 
position g = f) © m. As an Sp(l) x Sp(l)-space, m = 1 ® (T2 © a\ ® o\ =■ m' © m". 
Here, by abuse of notation, o~\ ® o~\ (which is of real type) also denotes the underly- 
ing real representation. In the resulting decomposition of A 3 m* , we find two trivial 
representations, namely A 3 m'* = R and one in m'* <E> A 2 m"* (cf. [Tj ). If f±, fa and 
fa denotes an orthonormal basis of m', the first one is spanned bjy fij = / 123 . For 
the second invariant form ^2 we note that A 2 m"* = 1 ® 02 © 02 ® 1 which is just 
the decomposition into self- and antiselfdual forms. Consequently, if e\,...,e^ is 
an orthonormal basis for m", then Qi = J^, / fe A Wfc where 

Wl = e 12 + e 34 , W2 = e 13 -e 24 , W3 = e 14 + e 23 . 

The G-invariant forms 

I = {£l a ,b ■= -a 3 £7i + ab 2 n 2 \ a, b > 0} 

are of G2-type and compatible with the natural orientation. To compute the G- 
invariant critical points we must compute T> on I. We first note that Q aj b induces 
the metric g a ^ b = -a 2 B\ m > - b 2 B\ m " so that vol a ^ b = a 3 6 4 e 1234 A / 123 and 

* a ,6 tt a ,b = -b 4 e 12M + a 2 b 2 (f 23 A wi - f 13 Alo 2 + f 12 A w 3 ). 



^Here and in the sequel, / 123 will be shorthand for f 1 A / 2 A / 3 . 
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We compute the commutators [■ , -] m and thus the exterior differentials of e\, . . . , f 3 . 
Upon suitably rescaling B we find 

cftVb = 12a&V 234 + (10a& 2 + 2a 3 )(-/ 23 A Ul + f 13 A oj 2 - f 12 A oj 3 ) 

and d* at b ^a,b = 0. Consequently, |c?O a ^£, | 2 = 24(7a 2 6~ 4 + 25a~ 2 + 106~ 2 ), whence 

D(n o , 6 ) = 12(7a 5 + 10a 3 6 2 + 25a6 4 )Vol, 

with Vol the total volume of G/H with respect to vol\ t \ = e 1234 A / 123 . Subject to 
the constraint a 3 6 4 = 1 the critical point equations read 

7a 4 + 6a 2 b 2 + 56 4 = 3^a 2 fe 4 , a 2 + hb 2 = fia 2 b 2 , a 3 b 4 = 1 

for some constant r. Substituting u = a 2 and v = b 2 shows that u = v and /i = 6/ v. 
Hence a = 1, b = 1 and /i = 6 is the unique solution which gives the soliton il^i. 
The resulting metric is the so-called squashed metric. 

4.2. Nearly parallel G2-structures. The previous two examples define in fact 
nearly parallel G2-structures (see for instance These were first investigated by 

Gray [TD| (who called them weak holonomy G2-structures). This is a G2-structure 
given by a G2-form Q satisfying 

for some constant To =/= 0. In particular, d*n = so that alternatively, we may 
characterise nearly parallel G2-structures as those for which all torsion forms but 
To do vanish. By abuse of language, we refer to such an f2 itself as a nearly parallel 
G2-structure. The associated metric is necessarily Einstein with positive constant 
scalar curvature sq = y-T 2 . 

Theorem 4.1. If Q is a nearly parallel G2~structure, then 

(22) q u {Q) = -^ Q T 2 (n)n 

for all v = {vq, V\, z^2, ^3) G R+- In particular, Q, is a G2-soliton. 

Proof. First we note that D n V k (tl) = J M fk,n A *nT k (fl) + \ J M T k (fl) A * n T k (fl). 
But for a nearly parallel G2-form O we have r k = 0, k ^ 0, so that grad X\-(0) = 
and in particular Q U {Q) = — ^og ra d^ , o(^)- We contend that for general f2 £ 

n%(M), 

(23) grad2? (^) = -^ 2 n + f t *q dtt + \ *a (dr A ft). 

If this is true, then grad2?o(^) = ^c 2 ^ f° r nearly parallel f2, whence the result. 
It remains to show (|2U|) . We first determine *n, the derivative of the map — > 
Hom(A°, A 7 ) which sends 51 to *q. As this is a pointwise computation we can write 
O = A*fl, where A = A Q for a smooth curve A t C GL(7) with A Q = Id. Then 

*n = Tt\t=o* A *t n = Tt\ t =o A t * n A t X * = A ** n > 
for GL(7) acts trivially on 0-forms. In general, if v,w G A 1 , the action is given by 
(v (g> w)*a p = v A (wLa p ) for a p G A p . Using the standard formulae *Q(vi_a p ) = 
(-l) p+1 v A*[)a p and *q(v A a p ) = (-l) p VL*na p we get 

A** n = Tr(i) * n - * n (A*)* = Tr(i) * n . 

On the other hand, we have A*Q, = A\Vl + A^il + A^tl where we used the decom- 
position of A G A 1 ® A 1 given by (g]). Since Ai = f Tr(A) id we have 

(24) = f Tr(i)fi. 
Hence 

*qt = T Tr(i) * 1 = iToTr(i)fi A = ^T il A *^Q. 
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To compute the linearisation of To (ft) = -ka(dfl Aft)/1 we note that * n = id implies 
= — *n*n, whence 

7-o : o = *n(*n T (fl)) + \ *q (dfl A ft + ft A dft) 

= -gT (O) *q (ft A *nfl) + y *n (dft A ft + ft A dft). 

From 

(gTa,dT> (ft),fl) n = / T t nvoln+± ToflA-knft 
Jm Jm 
equation (f2"5)) easily follows. □ 



Remark. The factor appearing in the soliton equation (|22|) can also be computed 
using the homogeneity of V v : If dft = To *n ^> then by Euler's rule 

(Q„(fi),fi)n = -Dn^(n) = = -|^(f!,!))fl. 

In particular it follows that 

(25) ^) = Mi' 

Corollary 4.2. Lei SI G fl±(M) be torsion-free. Then there exists a neighbour- 
hood of ft in fr,(M) with respect to the C°° -topology which does not contain any 
shrinking T> u -solitons, and in particular no nearly parallel G2- structures. 

Proof. Choose a neighbourhood U C H^_(M) such that for any initial condition 
flo G U the conclusion of Theorem 11.21 holds. Now if flo were a shrinking T> v - 
soliton, then T max < 00 according to Proposition 13. 91 which is impossible. □ 

Remark. The previous corollary should be compared with Theorem 1.2 in [6] which 
asserts that a Ricci-flat metric which admits nonzero parallel spinors (as it is the 
case for <?n with ft torsion-free) cannot be smoothly deformed into a metric of 
positive scalar curvature. 

5. Soliton deformations 

Let ft G f$_(M) be a fixed nearly parallel G2-structure, i.e. dft = ?o * n ^ f° r some 
constant fo ^ 0. In this final section we linearise the G2-soliton equation 

(26) S n (fl) Q(f!) + §f 2 tt = 

at ft and study the premoduli space of G2-soliton deformations. 

5.1. The linearised soliton equation. In order to linearise the G2-soliton equa- 
tion we need a lemma first. Recall the map 

6 : fl 3 + (M) -> ft 4 (M), ft i-> * n fL 

from Convention (ii) in Section [TJ Its linearisation at ft is given by On = *npn(ft) 
where p u (fl) := |[n]i + [fi] 7 - [&]„. 

Lemma 5.1. Let ft G fl\(M). For x G M fei f2 t = A* t ft x for a curve A t C GL(7) 
smc/i i/iai Ao = Idx^M- If we define sn(ft) := [f2]i — [f2] 7 + [Jl]2 7 , then for the second 
derivative Oq := ^ | t _ @(^t) ^ £ we find 

Q Q =-g(fl, ft) * n ( Pn - s Q )ft + 2 * J2 (A 1 )* 2 ft - * n s n ft 
+ ^(g(fl,fl)-g(s Q ft,fl)) *nfi. 



In particular we have 



Q Q = lg(tl, ft) mi ( Pn - s n )ft + 2 * (i')* 2 fi - iff(« n n, fi) *n 0. 
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A* t e(n) = A* to - _ _ (A t A^yQm = A* to (A to A^y&(n) 



t=t 



for = 0. 

Proo/. Writing A t = A t A^A to we get 
d 

and hence 

e(fi t ) = ((i*) 2 + i*-(i 2 )*)e(o). 

In the same way we obtain 

(27) n = ((A*) 2 + i* - (i 2 )*)o. 

Now 

(A*) 2 e{n) = A*(A* * n n) 

= T*A(TtA*nfi-*n(A*)*n)) -TtA*n (^')*0 + *n(i 4 )* 2 
= Tri* n (pn - s n )H + *o(i f )* 2 0, 

where we have used TrA^si — *o(A t )*0 = <~>n and (A*)* Ft = sq(1. Similarly, 
A*Q(Sl) = A* * J2 ft = TrA* Q ft -* n (I*)*0 

and 

- (i 2 )*6(r!) = -Tri 2 * n Q+* fi (i 2 ) 4 *fl 

Finally, using f2"7| 

((i*) 2 + i* - (i 2 )*)e(o) 

= Tr i * n (pn - s n )0 + (Tr i - Tr i 2 ) * n ft + 2 * ((i*)*) 2 - *fiSfifi. 

Next we need to compute the expression Tr(A — A 2 ). By (|24|) Tr A = §<7(ft, fi) and 
similarly Tri = ±g(ft, Write (A - A 2 )*il = Q - (i*) 2 ft. Then 

Tr(l - i 2 ) = y(n, (A - A 2 )*n) = ± 5 (q, o - (i*) 2 o). 

Furthermore, 

[AJf2]i = i 5 (i*ft,ft)ft = ig(ft,i*ft)ft = y|[ft]i| 2 ft 

= ±g(A* 7 (l,n)n = -i ff (0,i^Q)0 = -±|[ft] 7 | 2 fi 
[A* 7 f2]i = i 5 (i^ 7 ft,ft)ft = i 5 (f],i* 7 ft)ft = i|[5i] 27 | 2 ft. 

Hence 

[i*i*Q]j = [A*f2]i 

= [i^O]! + [i?0]i + [i45 7 fi]i 
= i(|[ft] 1 | 2 -|[ft] 7 | 2 + |[ft] 27 | 2 )ft 
= i ff ( so ft,0)0 

and in turn 

Tr(I - i 2 ) = | 5 (n, n) - y( Sn n, n), 

which yields the assertion. □ 
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Proposition 5.2. Let fi G Cr,(M) be a nearly parallel G2~structure and define 
rn(fi) := (id— pn)(fi). Then 

D n Q(Q) = - Sndfl - pnd8nPn& - To(*ndrn + m *n d)fl 
+ T 2 (^[O] 1 + i[O] 7 -f[O] 27 ) 
= -pad(pad)*Q - {*nd + T r n ) 2 Q, + \r%(l 

for t = r (fi) and fi G fi 3 (M). 

Proof. We compute the linearisation by starting from equations (jS]) and (JT])- First. 
Dn(fi i— >• <5ndfi)(fi) = *nd*n dfi + *nd*fidfi + *nd*n dS7 

= Tq *o *n fi + t *n d*u *q fi + * d *n dfl 
= T Q rafl + t *q draCl + Sndfl. 

Second, 

Dq(Q >-)• padSnQ)(Q) = -pn(d*n d*nfi) - pn(d*nd *n fi) —pn(d*a d&^) 
= PndSnpntl. 

Third we note that gn(V n ) = qn(dCl) + qn(8nSY), where qn(dfl) and <7n(fofi) are 
determined by the identities 

(28) qaidfl) A* n fi' = f (*n<Zfi) A dfi 
and 

(29) gn(^n^) A* fi' = §(*pd*rj fi) Ad*{j fi 

(with *^ = Dp^fi i-). *p)(fi')) valid for all fi' G fi 3 (Af). It follows that gp(dfi) = 
-gT^fi. Indeed, the left hand side of (gSJ) is twice T5 2 *^ 6(0) A 6(0). Now 
fi = * n 8(fi) so that 0' = *[j0(fi) +* n 8' n . Hence, [*^0(O)]i = -[fi']i/ 3 which is 
the only component which survives wedging by 6(0). Differentiating equation l|28p 
therefore implies 

D n (n ^ q Q {dfl))(Cl) A* n fi' 

=U D n*)fo> n')dfl A dfl + *' fi dfi A dfi - go(dO) A ip.fi' 

=5^0 Pb*)(4 fi') *Q fi A * u fi + to *n A dfi - |T 2 r fi fi A * n fi'- 

6n the other hand, differentiating the equation fi = *p0(fi) gives fi = *p0(fi) + 
2*12652 + *p©p. Without loss of generality we may assume that fi t = (1 + t)fi, so 
in particular fi = and hence *n6n = — 2*q — *p6n- From Lemma 15. II we deduce 

^(^^(fi^O^nfiA^nfi 

=r o 2 (-*p0n - igo(fi,fi)(K2 - s n )fi - ((i')* 2 fi + ^(snfi, fi)fi) A* n fi'). 

Furthermore, the identities 

-((i*)*) 2 fi A * n fi = -(i*)*fi A *oi*fi = -spfi A *pfi 

-*n©n A *nfi = — rnffofi A *nfi 

-igr n (fi,fi)(Pn - s n )fi A*pfi = A*pfi 

gffn(snfi, fi)fi A * n fi = fspfi A *pfi 

imply 

^(D^fn.n') * fi fi A*pfi = 7^(|[n]i - ±[fi] 7 + f [fi] 27 ) A* n n ; . 
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Hence, using 

To *n *si AdCl = —To *q A dfl = T r n il' AdO = T rsi *q dtt A *n£l' 
we arrive at 

D Q (n^q n (dfl))(tl) A*nn' 
=r 2 (|[O]i - ±[fi] 7 + f [f2] 27 ) A * n Q' + r r o *a dti A *n^' - |r 2 r n O A * n Q' 
=To - g[&]7 + T^lar) A + r r n * n rfii A *nfi'. 

Similarly, differentiating equation we get 
Ai(fi ^9n(fof2))(0) A* n fi' 

=§(£> 2 2 *)(fi, n')de(n) a de(n) + *^e(Q) a de f2 - gn(foQ) a *nn' 

for d0(fi) = = 0. Hence, 

D a (Q ^ <zn(V Q ))(f2) - D n (fi »-> <?n(dfi))(fi) 

= r r n * n + r 2 (^[Q]i - ±[Q] 7 + f [fi] a7 ). 

Summing up we obtain 

(DqQ)(Q) = - Sadfl - pndSnpnfl - r *q dr n fl - r^r^Q 
- T Q r n *n d(l - r 2 (^[Q]i - i[Q] 7 + f [0] 27 ) 
= - fodf2 - pndSnPnQ - To(*ndrn + ni *n d)fl 
+ r 2 (^[O]i + |[%-f [&)„), 
which is the desired result. □ 

Remark. In particular, we see that DqQ(D.) — — j^TqU which, of course, follows 
directly from differentiating Q((l + t)Q) = (1 + t) 1 / 3 Q(Q) at t = (cf. Lemma EHj) . 

As a corollary to Proposition 15.21 we immediately obtain the linearisation of the 
operator Sq at Cl: 

Corollary 5.3. Let Cl £ Qr,(M) &e a nearly parallel G2- structure. Then 

D^S n (h) = -p n d(p n d)*fl - (*nd + f r^) 2 n + f 2 f2 
for f = r (O) and fl 6 ft 3 (Af). 

5.2. The premoduli space. As above, let f2 G Oj_(M) be a fixed nearly parallel 
G2-structure on M. We wish to study the space of G2-soliton deformations of 
f2, i.e. solutions fl 6 f2i(M) to the soliton equation (|26|) close to f2 modulo the 
action of diffeomorphisms. Towards that end, we first investigate the linear equation 
DqSq (f2) = 0. As this parallels the corresponding theory for the Einstein premoduli 
space as developed by Koiso, we follow [5] and [3] and only sketch the main points. 
Recall the L 2 -orthogonal decomposition 

n 3 {M) = im\* n ©kerAn- 

given in (fT6| . By Ebin's slice theorem [7], kerA^ = TqSq integrates to a slice Sq 
for the Diffo(A/)-action. Hence the space a(Cl) of infinitesimal soliton deformations 
of Cl consists of (l € fi 3 (M) satisfying the equations 

D n Sa(il) = and Xq(CI) = 0. 
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The premoduli space M.{Cl) of G2-soliton deformations at Ct is the set of G2-solitons 
in the slice Sq near O. To investigate the structure of cr(f2) and A4(£l) further we 
introduce the linear operator 

P n : n 3 (M) -> n 3 (M) , P fi (Q) := D n S n (Q) - A&Afi(fi), 

which is clearly symmetric. 

Lemma 5.4. The operator Pq is elliptic. 

Proof. The operator Pq differs from the linearisation of the Dirichlet-DeTurck op- 
erator only in the lower order terms, cf. in particular equation (32) in |18j . Hence 
it has the same symbol and the claim follows from Lemma 5.7 in |18j . □ 

Since any infinitesimal soliton deformation of f2 lies in the kernel of Pq we imme- 
diately conclude from ellipticity: 

Corollary 5.5. The space cr(fl) is finite dimensional. 

To discuss the structure of the premoduli space we first prove the following 

Lemma 5.6. The restricted linear operator DqSq : TqSq — > fi 3 (M) has closed 
image. 

Proof. Clearly, Pa(T n S n ) = D n S n {T n S n ). As an elliptic operator, P n has closed 
image. Furthermore, Aq o Pq = X.qX% o A^ and thus 

Pn(TnSn) C ifc(fi 3 (M)) D ker X n C P^ 1 (kev X^)) . 
Now Lq := AqA^ is elliptic. Indeed, for the principal symbol applied to a covector 
£ G T*M we find that a(L^)(x,^)v = i(v®£)*n. This is injective, for (t><g)£)*f2 = 
implies v <E> £ G A 2 C A 1 ® A 1 on representation theoretic grounds, that is, v <8> £ 
is skew. But this is impossible for a decomposable endomorphism unless v = 0. 
Hence g^(a(LQ)(x, v) = —\a(X% l )(x,^)v[k is negative-definite. Consequently, 
ker 

Lq. is finite-dimensional and so T n S n is of finite codimension in A^ 1 (ker \ n A^ ) . 
Since TqSq is also closed, Pq(TqSq) is closed in P^(A^ 1 (ker AqA^)). As a result, 
P(i( T n s a) is closed in p n(^ 3 i M )) <~l ker A s and thus in ft 3 (M). □ 

Let p : tt 3 (M) — > DqSq(TqSq) be the orthogonal projection. By the previous 
lemma, p o Sq : Sq —> DqSq(TqS) is a submersion at Q. It is also a real analytic 
map, since g^ is Einstein (hence real analytic in harmonic coordinates, cf. |14j ) 
and A gfi f2 = fofi (so that f2 is real analytic as a solution of an elliptic PDE with 
real analytic coefficients). As a consequence, Z := p o 5^ 1 (0) is a real analytic 
submanifold with tangent space ker D^S^ PI TqSq — cr(f2). Restricted to Z, Sq 
is also real analytic so that (S'sl|z)~ 1 (0), the premoduli space of solitons, is a real 
analytic subset. We thus arrive at the following conclusion (compare with Koiso's 
work [T5j in the Einstein case). 

Theorem 5.7. The slice Sq contains a finite dimensional real analytic submanifold 
Z such that Z contains M(Cl) as a real analytic subset and TqZ = a(Cl). 

Example. Consider the spaces 

cti = {7 G Q 3 27 (M) I * f - 2 d 7 = -fo7>, 

ff 2 = {7 G fi£ r (M) I * n d 7 = -3f 7}, 

<r 3 = {7 G n 3 7 (M) I * s d 7 - -3f 2 7 }. 

Any 7 G (7^2 is coclosed. Since dfl = ro*ofi, we also have j\_d£l = 0. Furthermore, 
any 7 € 03 is closed, hence [(^7] 7 = (see the proofs of Lemma 3.3 and Proposition 

2 Here and thereafter, this refers to the natural extension of DqSq to Sobolev- or Holder-spaces. 
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5.3 in [T]). Therefore, Xq(j) = in all three cases. It is straightforward to check 
that Pq7 = for 7 <G 0i,2,3- By Theorem 6.2 in [T] these spaces correspond to the 
infinitesimal Einstein deformations of Cl. We do not know whether they exhaust all 
of cr(f2). 
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